Starting from an interaction Lagrangian formed out of local fields, an interacting four-momentum operator is constructed by integrating the interaction Lagrangian over the forward hyperboloid. Such a four-momentum operator has the property that the components commute among themselves; however, when the Fock space on which the four-momentum operator acts is truncated, the components no longer commute among themselves. By modifying matrix elements of the four-momentum operator on the truncated space, Bakamjian-Thomas mass operators are constructed which restore the Poincare relations. Examples for a simple Lagrangian are given 1 .
Introduction
One of the goals of few body nonrelativistic nuclear physics has been to use phenomenological potentials determined by two body systems (for example the deuteron and nucleon-nucleon scattering) to predict the behavior of three or more body systems. Similarly, current operators determined by one and two body systems are used to predict form factors for three or more body systems. In the energy domain where relativity is not important this program has been quite successful [1] .
To carry out a similar program at higher energies requires introducing relativity, not only because of the higher energies involved, but also because particle ( for example pi meson) production becomes important. One of the ways to introduce relativity is via the so-called Bakamjian-Thomas procedure [2] , where interactions for the few body system are put into a mass operator, which takes the place of the Hamiltonian. While this procedure is indeed relativistic, it generally violates cluster separability properties, wherein if two clusters of interacting particles are widely separated, there should be no interactions between the separated clusters. It has been shown that cluster separability properties can be satisfied by introducing appropriate unitary operators [3] , but this procedure is unwieldly, and in any event it is not known how to extend it to deal with particle production.
Quantum field theory on the other hand provides a setting in which particle production occurs naturally, as does cluster separability. However when the theory is truncated to a finite number of degrees of freedom, relativity is lost. The question to be dealt with in this paper is whether it is possible to take an interaction Lagrangian and from it derive a mass operator acting on a truncated Fock space. Up to a given truncation the mass operator should determine all the possible reactions that were allowed by the original field theory. Further the truncated theory should satisfy the following properties:
-Relativity and covariance should be preserved.
-Hamiltonian dynamics via a mass operator is inherited from the interaction Lagrangian.
-Forces come from particle exchange, yet look like relativistic "potentials.
-Bound state problems are solved as eigenvalue-eigenvector problems, from which renormalized masses and coupling constants can be calculated.
-There should be a "good" nonrelativistic limit.
-There should be reasonable cluster properties. The procedure for obtaining a mass operator from an interaction Lagrangian will be carried out in the context of point form relativistic quantum mechanics [4] , in which all of the interactions are put in the four-momentum operator and the Lorentz generators are kinematic. The interacting fourmomentum operator is obtained by integrating the interaction Lagrangian over the forward hyperboloid. If the Fock space is truncated so that the particle number is finite, then matrix elements of the four-momentum operator can be computed. A mass operator is obtained from matrix elements of the four-momentum operator using velocity states, eigenstates of the fourvelocity operator, where the matrix elements are diagonal in the four-velocity.
In section 2 the elements of point form quantum mechanics are reviewed and both free and interacting four-momentum operators are constructed, the latter from interaction Lagrangians; velocity states, diagonal in the overall four-velocity of an n particle state, are used to compute matrix elements of interacting four-momentum operators, from which interacting mass operators are constructed. In section 3 the techniques discussed in section 2 are applied to the simple example of a scalar "nucleon", scalar "pion" vertex.
Point Form Relativistic Quantum Mechanics and Mass Operators
In point form relativistic quantum mechanics all interactions are put in the four-momentum operator. The Lorentz generators contain no interactions, so the point form is manifestly Lorentz covariant. In fact the Lorentz generators will almost never be used; instead global Lorentz transformations will define the transformation properties of operators and states. If U Λ is a unitary operator representing the Lorentz transformation Λ then the four-momentum operator must satisfy the following point form equations:
These equations are simply one way of writing the Poincaré commutation relations in which the relations of the four-momentum operators are emphasized. The mass operator is defined to be M := √ P · P and must have a nonnegative spectrum.
Since the four-momentum operators are the generators of space-time translations, they can be used to define a relativistic Schrödinger equation,
where Ψ x is an element of the Hilbert space and x(= x µ ) is a space-time point. From Eq.3 it follows that Ψ x satisfies a generalized Klein-Gordan equation,
where M is the mass operator. It is Eqs.3,4 that take the place of equations of motion for operators. If P µ has no explicit space-time dependence then Eq.3 can be written as an eigenvalue equation for the four-momentum operator:
The simplest way in which the point form equations can be satisfied is with single particle irreducible representations of the Poincaré group. Then the Hilbert space is L 2 (R 3 ) V j , where V j is the 2j+1 dimensional spin space for a particle of spin j, and the state |p, σ > transforms under Poincaré transformations as
Here the four-momentum p satisfies the mass constraint p · p = m 2 and the four-velocity v is defined by v = p/m. B(v) is a boost (see reference [5] ), a Lorentz transformation that takes the rest four-momentum, p rest = (m, 0, 0, 0) to the four-momentum p: B(v)p rest = p. R W is a Wigner rotation and D j () is a matrix element of the rotation group. It is clear that the operators Eqs. 6,7 satisfy, by construction, the point form equations.
Many particle operators with the same transformation properties as the single particle ones are conveniently obtained by introducing creation and annihilation operators. Let a † (p, σ) be the operator that creates the state |p, σ > from the vacuum. If a(p, σ) is its adjoint, these operators must satisfy the following relations:
Here P f r µ is the free four-momentum operator and plays a role analogous to the free Hamiltonian in nonrelativistic quantum mechanics. Again it is straightforward to show that P f r µ satisfies the point form equations. U a in Eq.10 is the unitary operator representing the four-translation a.
To prepare for the construction of interacting four-momentum operators, out of which the interacting mass operators will be built, it is necessary to introduce velocity states, states with simple Lorentz transformation properties. If a Lorentz transformation is applied to a many particle state,
then it is not possible to couple all the momenta and spins together to form spin or orbital angular momentum states, because the Wigner rotations for each momentum state are different. However, velocity states, defined as n particle states in their overall rest frame boosted to a four-velocity v will have the desired Lorentz transformation properties:
Unlike the Lorentz transformation of an n particle state, where all the Wigner rotations of the D functions are different, in Eq.15 it is seen that the Wigner rotations in the D functions are all the same and given by Eq.8. Moreover the same Wigner rotation also multiplies the internal momentum vectors, which means that for velocity states, spin and orbital angular momentum can be coupled together exactly as is done nonrelativistically (for more details see reference [5] ). The relationship between single particle and internal momenta is given by p i = B(v)k i , k i = 0 and R W i in Eq.14 by replacing p by k i and Λ by B(v) in Eq.8. From the definition of velocity states it then follows that
with m n = m 2 i + k i 2 the mass of the n particle velocity state and P f r µ = M f r V µ . On velocity states the free four-momentum operator has been written as the product of the four-velocity operator times the free mass operator, which is the Bakamjian-Thomas construction in the point form.
The goal now is to construct an interacting mass operator from an underlying interaction Lagrangian. To do this use is made of the fact that all free local fields can be constructed out of creation and annihilation operators [6] defined in Eqs.9,10,12. Let L I (x) be a polynomial in free fields which is a Lorentz scalar density,
Then an interacting fourmomentum operator which satisfies the point form equations can be defined by integrating L I (x) over the forward hyperboloid:
[
The components of the interacting four-momentum operator commute with one another since the commutator of L I (x) with L I (y) is zero if the spacetime points x and y are space-like separated. But both these points lie on the same forward hyperboloid specified by τ and hence are space-like separated. It also follows from Eq.19 that P I µ transforms as a Lorentz four-vector, since L I (x) transforms as a Lorentz scalar density. Hence the interacting fourmomentum operator satisfies the point form equations, Eq.1,2.
The total four-momentum operator is the sum of free and interacting fourmomentum operators, P µ = P f r µ + P I µ . Again it must be shown that the total four-momentum operator satisfies the point form equations. The Lorentz transformation part follows from the fact that both terms transform as fourvectors. To show that the components of the total four-momentum operator commute, it suffices to note that the components of the free part commute among themselves (from Eq.11), as do the components of the interacting part (Eq.20). Thus what must be shown is that the sum of the cross terms commutators give zero. Now from the definition of L I (x) as a polynomial in free fields, it follows that
[P f r µ , P
since L I (x) is a Lorentz scalar density. Thus the total four-momentum operator satisfies the point form equations. Given the total four-momentum operator bound and scattering states can in principle be found by solving the eigenvalue equation, Eq.5. Since this results in an infinite set of coupled equations, a restriction to a finite degree of freedom system is made by truncating the possible Fock space states to a finite number of particles. But on this truncated space the commutator of the components of the interacting four-momentum operator, Eq.20 will no longer be zero, and relativistic covariance is lost. To restore relativistic covariance the interacting four-momentum operator will be modified to construct an interacting Bakamjian-Thomas mass operator.
Such a mass operator is constructed by looking at matrix elements of the interacting four-momentum operator, where the states are velocity states with one common four-velocity v:
where ∆m is m − m ′ and m (respectively m ′ ) is the mass of the velocity state, as given in Eq.17. (∆m)v is always a timelike vector, although the sign of the time component may be positive or negative, depending on the sign of ∆m.
The integral in Eq.23 is a special function and is evaluated in the appendix. Define the Lorentz invariant function I ± τ (p) as
where s > 0 is a scaling parameter. Then, as shown in the appendix,
is in principle a known function, as evaluated in the appendix; however, in the construction of an interacting mass operator it will be taken to be an arbitary complex function of |∆m| and will be used to generate a phenomenological potential, as well as to regularize integrals. Now matrix elements of the interacting four-momentum operator are in general not diagonal in the four-velocity. The matrix element in Eq.23 has been computed with the same initial and final four-velocities, and in this case the integral, Eq.27 shown to be proportional to the four-velocity. Modifying the general matrix element of the interacting four-momentum operator, Eq.23, the interacting four-momentum matrix element is taken to be diagonal in the four-velocity:
and the arbitrariness in the function f is supposed to (at least partially) compensate for the fact that matrix elements of P I µ are not diagonal in the four-velocity.
It is now easy to check that the approximate interacting four-momentum operator, Eq.31, satisfies the point form equations, and moreover is of Bakamjian-Thomas form, so that the interacting mass operator is the right hand side of Eq.31 without the four-velocity v µ . The total four-momentum operator is then also of the Bakamjian-Thomas form, with the total mass operator the sum of the free mass operator, Eq.17 and interacting mass operator, Eq. 31.
An Example: The Scalar Nucleon-Pion Vertex
To show how mass operators and generalized Lippmann-Schwinger equations result from interaction Lagrangians, this section works out the example of a scalar "nucleon" interacting with a scalar "pion". The interaction Lagrangian has the form L I (x) = gΨ † (x)Ψ(x)φ(x) where g is a coupling constant. Dropping the four-velocity delta function, matrix elements of the interacting mass operator can be written from Eq.31 as
and various baryon number sectors evaluated. As a first truncation consider the baryon number one sector, with the Hilbert space the direct sum of bare nucleon plus bare nucleon and bare pion. Then the total mass operator can be written as a two by two matrix operator in the direct sum space:
where the internal momentum variables are defined by
is the bare nucleon mass and
+ ω π , a diagonal operator in the two particle space, is the relativistic two particle mass. The transition mass operator that connects the two particle space to the one nucleon space (with the four-velocity extracted) is the kernel
On the direct sum space the problem to be solved is the mass operator eigenvalue-eigenvector problem, Mφ = mφ, where, for the bound state problem, m = m N is the physical nucleon mass, while for the scattering problem, m = √ s is the invariant relativistic energy for pion-nucleon scattering. Designating the components of the physical one nucleon state as (φ 
where in the last equation, φ N 1 has been cancelled from both sides of Eq.38 because it is a number (to be determined by normalization requirements). For a given truncation, Eq.38 provides the relationship between the bare and physical nucleon mass. If m N is taken to be the physical nucleon mass, then the bare nucleon mass, m N (0), is fixed. Written out more explictly, Eq.38 becomes
and f is used to regularize the large momentum components in the integral. The nucleon wave function is normalized to one; that is, |φ
is given in Eq.37. To formulate the pion-nucleon scattering problem, the mass operator, Eq.32 is rewritten in terms of a physical free mass operator, M 0 , and the remainder,M I , M = M 0 +M I , where
The relativistic Lippmann-Schwinger equation can then be written as an integral equation on the direct sum space with scattering wave function Ψ = (Ψ 1 , Ψ 2 ):
where the second term in Eq.44 looks like a separable potential with a coupling constant g 2 /( √ s − m N (0)). That is, in this simple truncation the Lippmann-Schwinger equation can be solved exactly to compute the pionnucleon scattering amplitude. Φ = (0, φ 2 ), where φ 2 is the free pion-nucleon momentum state, and all √ s factors in Eq.43,44 should be replaced by √ s+iǫ.
The function f (∆m) used to relate bare and physical mass, Eq.39 and generate the separable potential, Eq.44, can also be used in other baryon number sectors. For baryon number two, consider the truncated space consisting of two bare nucleons plus two bare nucleons and bare pion, a direct sum of two particle and three particle spaces. In this case the mass operator has the form
where the internal momenta are related to single particle momenta by the following relations:
and k 1 + k 2 + k π = 0. The diagonal operator D 2 (0) = 2ω is the bare two particle relativistic mass, while the diagonal operator D 3 (0) = ω 1 + ω 2 + ω π is the bare three particle mass. The two particle to three particle transition kernel is given by
where the argument in f is (the magnitude of) the mass difference between the three and two particle states. The four delta functions are a reflection of cluster separability, for they give the interaction between the two nucleons.
With the mass operator given in Eq.45 a "deuteron" bound state can be calculated as a two component mass operator eigenvector, corresponding to the deuteron mass m D :
Though the first term in Eq.51 is the bare relativistic kinetic energy, the second term, which looks like a potential energy term, contains the unknown deuteron mass eigenvalue; because the component of the deuteron wavefunction in the three particle sector has been eliminated, Eq.51 is not of the usual form of an eigenvalue equation. The deuteron wave function is normalized by writing ||φ
The mass operator, Eq.45 can be used to calculate scattering in the nucleon-nucleon and nucleon-nucleon-pion channels by again writing the mass operator as a sum of physical free mass operator plus remainder, which is the interacting mass operator, M = M 0 +M I :
where Φ = (φ 2 , 0), and the driving term is a physical two free nucleon momentum state, φ 2 = δ 3 ( k − k initial ). Again Eq.57 has the form of a driving term plus "potential", from which it is possible to calculate scattering amplitudes for the two processes mentioned above.
Finally, the baryon zero sector gives the ground state and physical pion mass. However in the truncation where there are no nucleon-antinucleon pairs, and only the direct sum of Fock vacuum, and one or more bare pion states, there is no pion mass renormalization and the physical vacuum is the Fock vacuum. If however a nucleon-antinucleon two particle space is added to the Fock vacuum along with a nucleon-antinucleon-pion space and a one and two pion space, the mass operator will have off-diagonal terms linking the Fock vacuum to the nucleon-antinucleon-pion Hilbert space, and pion mass renormalization will occur, as well as pion-pion scattering.
More generally for a given truncation the mass operator will be a quintdiagonal matrix operator for which bound and scattering states can be calculated. If the function f occurring in the off-diagonal kernal is fixed, then for the given truncation all channels will be determined by f .
Conclusion
This paper has shown how to compute interacting mass operators from a given interaction Lagrangian, by modifying the interacting four-momentum operator so that its velocity state matrix elements are diagonal in the overall four-velocity. In so modifying the interacting four-momentum operator, a function f of the mass difference between initial and final states multiplies the matrix element of the interacting Lagrangian. While f can be explicitly calculated, as is done in the appendix, what has been done in section 2 is to regard it as unknown and use it to generate "potentials". That is, as shown in the simple example in section 3, eigenvectors of the total mass operator generate integral equations in which there is a relativistic kinetic energy plus a term called the "potential" which is determined by f . Similarly for mass renormalization f determines the relationship between bare and physical particle masses. Thus for a given truncation, once f is fixed, it determines the bound and scattering states in all possible channels, for arbitrary baryon number. In this paper only the simplest truncation of the full Fock space has been considered involving the simplest particle production; however it should be clear that for truncations involving more particles, similar integral equations will arise, in which the "potential" is again determined by f . In particular if nucleon-antinucleon pairs are included in the truncation, there will also be pion mass renormalization and pion-pion scattering.
For a given truncation there is a definite mass renormalization, which however will change if the truncation changes. It is at this point that violations of cluster properties occur, for if a set of bare particles are moved far away from another set, the mass renormalization for the separated set will not be the same as with all the particles. But for a given truncation and mass renormalization, there will be cluster properties in the sense that if physical particles are widely separated, they will cease to interact with one another. Such a cluster property comes about because f has as an argument the difference of the relativistic masses of the initial and final sets of particles. The mass operator is the product of this function multiplied by velocity state matrix elements of the interaction Lagrangian. For a given vertex only three particles interact while the momentum of the others are unchanged, resulting in the cancellation of energies in the argument of f . Then the argument of f depends only on the momentum of the interacting particles and not the others. In this way interactions become additive in the same way as is the case for nonrelativistic scattering.
By combining the procedures given in this paper for constructing strongly interacting mass operators from interaction Lagrangians with those given in previous papers [7] for constructing current operators and electromagnetic mass operators from electromagnetic Lagrangians, it becomes possible to fix some of the ambiguities that exist in present day relativistic phenomenology. In this point of view f fixes all the strong interaction channnels and is itself determined by the simplest reactions. Once it is so fixed, predictions can be made for other channels, including production channels. If, starting with the truncated Fock space for the strongly interacting particles, a direct sum is formed which includes a photon Hilbert space, then, as shown in reference [7] an electromagnetic mass operator can be constructed from the electromagnetic Lagrangian along the lines given in this paper for the strongly interacting mass operator, which then fixes the electromagnetic interactions, including form factors and structure functions. The goal in succeeding papers is to choose a more realistic interaction Lagrangian, in particular nucleons with spin, and analyze the renormalization and scattering equations in more detail. If an electromagnetic Lagrangian is added, via minimal subsitution, to the strongly interacting Lagrangian, it should be possible to see whether the nonrelativistic methods that have been so successful in low energy nuclear physics can be generalized to higher energies where relativity is required.
